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Chapter 1

Introduction

The estimation of flight parameters, namely, the velocity components and the angle
of attack and sideslip, is essential to safe flight control since a number of critical sys-
tems, such as stall warning system (SWS) and indications of surrounding air flows,
rely heavily on these values [1]. Therefore, the lack of accuracy in the calculation
of these variables may lead to catastrophic consequences, hence the need for redun-
dancy of the aforementioned signals. This can be achieved by the integration of
different types of measures through the application of the Kalman Filter algorithm,
which is an efficient recursive filter that estimates the internal state of a dynamic
system from a series of noisy measurements [2]. In this case, both direct measure-
ment through sensors installed on the aircraft as well as inertial estimation via the
Inertial Measurement Unit (IMU) are used for this purpose (see section 4.3). On the
other hand, since a non-linear approach is being applied, the employment of the Ex-
tended Kalman Filter (EKF) is needed. This variation linearizes about an estimate of
the current mean and covariance and has been considered the actual standard [3] in
the theory of nonlinear state estimation (see section 4.1).

In addition, the application of the EKF can also behave as a tool in order to detect
faults that can affect the sensor network. After this detection, which is carried out
by comparing a statistical function against a threshold (see section 5.1), the next step
is naturally the design of algorithms to isolate this faulty measure and prevent it
from influencing the actual measure, which is critical as it was stated in the previous
paragraph. Nevertheless, despite the fact that fault detection is to be analyzed, the
isolation of faults is not to be covered in this paper, given the main objective is the
study and design of the EKF itself. On the topic of fault isolation, Caliskan and Ha-
jiyev (2014) [4] made an approach to isolate the sensor and actuator failures affecting
the innovation of the Kalman Filter, and it was applied to an UAV dynamic model.

Furthermore, several studies have been carried out with respect to these tech-
niques; namely, Hajiyev and Caliskan (2003) [5] introduced a comprehensive re-
search of fault diagnosis and reconfigurable control. The methods investigated are
based on linear and nonlinear dynamic mathematical models, observers and KF. Be-
sides, Hajiyev and Caliskan (2005) [6] presented an approach to detect and isolate
aircraft sensor and actuator faults. Additionally, Soken et al. (2014) [7] proposed an
adjustment of EKF and unscented Kalman filter (UKF) algorithms for attitude esti-
mation of a small satellite. These modifications upgraded the filters, which became
robust against measurement malfunctions. They used a multiple scale factor based
scheme for adapting the filters, hence the prevention of any unnecessary informa-
tion loss since only the data of the faulty sensor is corrected. Finally, Cork et al.
(2005) [8] presented the results obtained from a fault detection scheme that identi-
fied the critical failures of the angular rate sensors from an unmanned aerial vehicle
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(UAV) using a neural network (NN), which is integrated altogether with the KF to
obtain better results. In fact, Caliskan and Hajiyev (2013) [9] studied the combined
case for aircraft icing identification. In this undergraduated thesis the estimation of
UAV states and Kalman filter based sensor fault detection applied to UAV model of
dynamics are investigated.
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Chapter 2

Problem Formulation

Firstly, a mathematical model of the UAV is needed in order to simulate the motion
of the aircraft, as well as the measurements required to apply the Kalman Filter.
This model, which will be simulated through Matlab, is explained in Chapter 3.
After the simulations of the motion of the aircraft and the sensor measurements are
carried out, the Kalman Filter algorithm is to be applied, which will integrate both
measures resulting in a more reliable estimate of the actual flight parameters of the
UAV. By using the body-axis velocity components, angles of attack and sideslip can
be calculated as follows:

α = arctan
(w

u

)
(2.1)

β = arcsin
(

v√
u2 + v2 + w2

)
(2.2)

Also, the state equation and measurement equations can be defined in this way:

x(k + 1) = φ(k + 1, k)x(k) + G(k + 1, k)w(k) (2.3)

z(k) = H(k)x(k) + v(k) (2.4)

where x(k) is n dimensional state vector of the system, φ(k + 1, k) is n × n dimen-
sional transition matrix of the system, w(k) is n dimensional random system noise,
G(k + 1, k) is n× n dimensional transition matrix of system noise, z(k) is s dimen-
sional measurement vector, H(k) is s × n dimensional measurement matrix of the
system and v(k) is s dimensional random measurement noise vector.
In Chapter 5.1 it will be shown that in the application of the Kalman Filter to this dy-
namic system, the innovation step and its statistical properties can be used to detect
faults in the sensor measurements system.
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Chapter 3

Mathematical Model of UAV

In order to build a Kalman filter for the state estimation of an UAV, the characteris-
tics of the flight dynamics must be known. For this purpose, the general approach
is to derive the rigid body equations of motion and then linearize them by applying
the small disturbance theory [10]. These linearized equations are divided in longitu-
dinal and lateral equations and discretized as follows [11]:

xlon(k + 1) = Alonxlon(k) + Blonulon(k) (3.1)

xlat(k + 1) = Alatxlat(k) + Blatulat(k) (3.2)

where the state vectors xlon(k) and xlat(k) and control vectors ulon(k) and ulat(k) are
given by

xlon(k) =


∆u
∆w
∆q
∆θ
∆h


k

; xlat(k) =


∆β
∆p
∆r
∆φ


k

; ulon(k) =
[

∆δe
∆δT

]
k

; ulat(k) =
[

∆δa
∆δr

]
k

(3.3)

and the matrices Alon, Blon, Alat and Blat are given by

Alon =


Xu Xw 0 −g 0
Zu Zw u0 0 0

Mu + MwZu Mw + MwZw Mq + Mwu0 0 0
0 0 1 0 0
0 −1 0 u0 0

 (3.4)

Blon =


Xδe XδT
Zδe ZδT

Mδe + MẇZδe MδT + MẇZδT
0 0
0 0

 (3.5)

Alat =


Yβ

u0

Yp
u0
− u0−Yr

u0

g cos(θ0)
u0

Lβ Lp Lr 0
Nβ Np Nr 0
0 1 0 0

 (3.6)
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Blat =


0 Yδr

u0

Lδa Lδr
Nδa Nδr
0 0

 (3.7)

On the other hand, the state equations described in terms of the velocity components
(u,v,w), the angular rates (p,q,r) and the roll φ and pitch θ attitude angles are shown
below:

u̇ = Axm − qmw + rmv− g sin(θ) (3.8)

v̇ = Aym − rmu + pmw + g sin(φ) cos(θ) (3.9)

ẇ = Azm − pmv + qmu + g cos(φ) cos(θ) (3.10)

φ̇ = pm + qm sin(φ) tan(θ) + rm cos(φ) tan(θ) (3.11)

θ̇ = qm cos(φ)− rm sin(φ) (3.12)

ḣ = u sin(θ)− v sin(φ) cos(θ)− w cos(φ) cos(θ) (3.13)
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Chapter 4

Extended Kalman Filter for UAV
State Estimation

4.1 Definition of EKF

The existence of a large number of different estimation problems involving non-
linear models requires the application of the EKF, which is the variation of the Kalman
Filter that linearizes about an estimate of the current mean and covariance . There
are a number of reasons why state estimation is a considerably more difficult prob-
lem for non-linear systems admitting a much wider variety of solutions than the
linear version of the problem [12]. In essence, the fundamental concept behind the
successful implementation of this variation is the assumption of the true state being
close enough to the estimated state, thus error dynamics can be represented accu-
rately enough by a linearized first-order Taylor series expansion [13]. Nevertheless,
this restriction may be harmful for deeply nonlinear applications with large initial
condition errors and convergence for this algorithm is rather difficult to prove even
for simple systems [14]. Fortunately, the EKF is, in general, robust to initial condition
errors (this can be verified through simulation).

TABLE 4.1: Discrete Extended Kalman Filter

Model
ẋ(t) = f(x(t), u(t), t) + G(t)w(t), w(t) ∼ N(0, Q(t))

ỹk = h(xk) + vk, vk ∼ N(0, Rk)

Initialize
x̂(t0) = x̂0

P0 = E
{

x̃(t0)x̃T(t0)
}

Gain
Kk = P−k HT

k (x̂
−
k )[Hk(x̂−k )P−k HT

k (x̂
−
k ) + Rk]

−1

Hk(x̂−k ) ≡
∂h
∂x

∣∣∣∣
x̂−k

Update
x̂+k = x̂−k + Kk[ỹk − h(x̂−k )]

P+
k = [I − Kk Hk(x̂−k )]P

−
k

Propagation

˙̂x(t) = f(x̂(t), u(t), t)

Ṗ(t) = F(x̂(t), t)P(t) + P(t)FT(x̂(t), t) + G(t)Q(t)GT(t)

F(x̂(t), t) ≡ ∂f
∂x

∣∣∣∣
x̂(t)
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Table 4.1 summarizes the discrete version of the EKF [13]. In this table, x(t)
represents the state vector, u(t) the input vector, w(t) the random system or model
error (assumed to be a zero-mean Gaussian white-noise process), G(t) the operator
which maps this error into state space, ỹk the measurement model, vk the measure-
ment error (also a zero-mean Gaussian white-noise process uncorrelated to w(t)),
P0 the initial error-variance, Kk the Kalman gain, P−k the covariance update, Hk the
observation model which maps the true state space into the observed space, Rk the
covariance of the observation noise, P+

k the a posteriori estimate covariance matrix,
and finally I is the identity matrix.

4.2 EKF Simulation Results

After the problem has been formulated and the EKF algorithm defined, its adequate
operation will be tested in this Chapter. A Matlab program has been designed both
to simulate the motion of the UAV according to the mathematical model proposed
in Chapter 3, as well as to reproduce the functioning of the EKF.
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FIGURE 4.1: EKF estimation of velocity components and variance of
estimation error

On the other hand, it is important to mention that the chosen model of UAV is
unstable and control algorithm is not applied, therefore oscillations and unstable
flight may characterize the simulation results. Although introducing PID control or
other control algorithm can remove these effects, this was not carried out since it
does not affect the operation of the EKF nor the fault detection algorithm. Low ini-
tial values of control inputs were chosen in order to reduce these undesired effect.
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FIGURE 4.2: Innovation vector components

Figure 4.1 shows that in fact, the EKF is operating to an acceptable standard,
being able to closely approximate (EKF estimation is represented in blue) the true
state of the aircraft (represented in orange) despite the oscillations in the velocity
components. It is also interesting to mention that the algorithm behaves more poorly
in the early stages of the application, due to the approximation of the non linear
model to a linearized first-order Taylor series expansion. As it was stated, it can
be observed through simulation that although this variation can be significant at
first, the algorithm is in general robust to this initial condition error, and eventually
tends to converge. Figure 4.2 represents the components of the innovation vector
of the EKF, computed as the difference between the actual measurements and the
predicted measurements.

4.3 Flight Parameters Measurements

The measurement of flight data is essential in order to apply the Kalman Filter algo-
rithm, therefore it is significant to analyze the various ways to achieve this. There
are a number of methods by which AOA and AOS can be directly measured using
sensors installed on an aircraft. The most common form of these sensors are mul-
tihole pitot tubes and flow vanes, which are mass-balanced wind vanes that align
themselves with the direction of the approaching air flow [15]. A potentiometer de-
termines the angle between the flow vane and the aircraft reference line. Although
this is the most common method to determine these flight parameters directly, dif-
ferent alternatives can be used for this purpose, such as differential pressure probes
[16], distributed flushed ADSs [17] and optical sensors [18].
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For direct flow measurements are usually corrupted by noises, inertial AOA and
AOS estimation methods are used, that is, this information is reconstructed using
data from the pitot tube, accelerometers and gyroscopes. Even though both mea-
sured and inertial values typically match, local turbulences may arise differences
[19], which is why the integration of the Kalman filter provides protection against
malfunctioning of either of these two approaches for the determination of flight pa-
rameters.
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Chapter 5

EKF Based Sensor Fault Detection

5.1 Fault Detection Algorithm

The innovation step is defined as the calculation of the difference between the actual
system output and the predicted output based on the predicted state and it repre-
sents the new information contributed by the latest observation vector. Under fault-
less conditions, the error signal is relatively small and corresponds to random fluc-
tuations in the output where all the systematic trends are eliminated by the model.
However, under faulty conditions, the error signal is large and contains systematic
trends since the model no longer represents the physical system adequately. First,
we define the measurement innovation vector:

∆(k) = z(k)− H(k)x̂(k/k− 1) (5.1)

where x̂(k/k− 1) is the prediction in one step. If the system operates normally, then
this innovation vector will behave as white Gaussian noise with zero mean and co-
variance matrix of:

P∆(k) = H(k)P(k/k− 1)HT(k) + R(k) (5.2)

In this equation, P(k/k− 1) is defined as:

P(k/k− 1) = φ(k, k− 1)P(k− 1/k− 1)φT(k, k− 1) + G(k, k− 1)Q(k− 1)GT(k, k− 1)
(5.3)

which is the covariance matrix of extrapolation errors where P(k − 1, k − 1) is the
covariance matrix of estimation errors in the previous step. The estimated value of
state vector x̂(k/k) and the covariance matrix of the estimation error P(k/k) can be
found by the KF as given:

x̂(k/k) = x̂(k/k− 1) + K(k)∆(k) (5.4)

K(k) = P(k/k− 1)HT(k)
[

H(k)P(k/k− 1)HT(k) + R(k)
]−1

(5.5)

P(k/k) = [I − K(k)H(k)] P(k/k− 1) (5.6)

where K(k) is the Kalman Filter gain matrix and I is the unit matrix. On the other
hand, it is more appropriate to use normalized innovation to detect the faults:

∆̃(k) =
[

H(k)P(k/k− 1)HT(k) + R(k)
]−1/2

∆(k) (5.7)
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because in this case:
E
[
∆̃(k)∆̃T(j)

]
= P∆̃ = Iδ(kj) (5.8)

These faults of measurement sensors affect the characteristics of the normalized in-
novation vector by changing its white noise nature, displacing its zero mean and
varying the unit covariance matrix, which has been encountered in the derivation of
the Kalman filter measurement update as well. Thus, the problem is to detect any
change in these parameters from their nominal value as quickly as possible. The
innovation covariance has been encountered in the derivation of the Kalman filter
measurement update as well and thus it can be seen that the innovation is an inte-
gral part of the Kalman filter process. The general performance of the filter can be
monitored by analysing the zero mean, Gaussianness, given covariance and white-
ness of the innovation sequence. Furthermore the innovation is the sole source of
outlier detection.

β(k) = ∆̃T(k)∆̃(k) (5.9)

These functions have χ2 distribution with s degree of freedom, where s is the dimen-
sion of the innovation vector. If the level of significance, α, is selected as:

P
{

χ2 > χ2
α,z
}
= α; 0 < α < 1 (5.10)

Then the threshold value, χ2
α,z, can be found using the chi-square distribution.

Consequently, when the hypothesis γ1 is true, the value of the statistical function
β(k) will be greater than the threshold value, χ2

α,s, i.e.:

γ0 : β(k) ≤ χ2
α,s ∀k (5.11)

γ1 : β(k) > χ2
α,s ∃k (5.12)

5.2 Sensor Fault Detection Simulation Results

In this chapter, the correct functioning of the the fault detection algorithm will be
tested. The threshold value, χ2

α,z, will be selected using the chi-square distribution
with parameters: degrees of freedom df = 3 and probability p = 0.99. For this param-
eters, the corresponding χ2 is equal to 11.34. This value will be used as the threshold
value for the fault detection algorithm, and any value satisfying hypothesis γ1 afore-
mentioned in Chapter 5.1 will be considered as a fault signal.

All of the four scenarios which will be taken into consideration are displayed in
Figure 5.1, where the red line represents the threshold selected and the blue line rep-
resents the statistical function β(k). In the faultless scenario, it can be observed that
due to the high magnitude of the noise involved in the early stages of the application
of the EKF, β(k) exceeds the threshold value. However, this should not be a problem
if we only consider those situations where the threshold value is exceeded continu-
ously rather than a one-time exception as the ones present in the faultless scenario.
Moving on to the faulty scenarios, that is, where a bias is introduced either in the
velocity components or in the AOA and AOS sensors, two different frameworks are
presented; namely, where a velocity bias is introduced, the statistical function be-
gins to detect a linearly ascending noise, whilst in the angles bias, β(k) immediately
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FIGURE 5.1: Fault Detection Algorithm Results

jumps far above the threshold line and oscillates around higher values. Thus, it is
proven that the scenarios that satisfy hypothesis γ1 can be easily detected through
the innovation step of the EKF and it is both a reliable technique as well as signif-
icant (robust against false positive) if the exceptions due to initial condition errors
are omitted and only those cases where the threshold is constantly exceeded.

The functioning of the EKF in the presence of u-velocity component bias, alpha
bias and beta bias is represented in Figures 5.2, 5.4 and 5.6 where the approximation
of the v and w components of the velocity are severely deteriorated after the bias is
introduced at t = 70s. The effects of the introduction of the sensor fault can be easily
observed in Figures 5.3, 5.5 and 5.7 where the u, alpha and beta channel clearly
displays the appearance of the bias that triggers the fault detection algorithm. It is
shown that alpha and beta channels display a step function immediately when the
bias is introduced whereas the u-channel depicts a linear increasing function once
the fault is triggered.



14 Chapter 5. EKF Based Sensor Fault Detection

0 50 100

-50

0

50

      EKF estimation of u-velocity (u bias)

0 50 100

-100

-50

0

50

100
      EKF estimation of v-velocity (u bias)

0 50 100

0

50

100

150

200
      EKF estimation of w-velocity (u bias)

0 50 100

0

1

2

3

4
      Variance of estimation error of u-velocity (u bias)

0 50 100

-6

-4

-2

0

        Variance of estimation error of v-velocity (u bias)

0 50 100

0

0.2

0.4

0.6

        Variance of estimation error of w-velocity (u bias)

FIGURE 5.2: EKF estimation of velocity components and variance of
estimation error in the presence of u velocity component bias
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FIGURE 5.3: Innovation vector components in the presence of u ve-
locity component bias
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FIGURE 5.4: EKF estimation of velocity components and variance of
estimation error in the presence of alpha bias
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Chapter 6

Conclusion

In conclusion, the design and the verification of the correct functioning of the EKF
for estimation of UAV flight parameters, which is of utmost importance for flight
safety, has been successfully carried out in this project. The model has proved to ac-
curately approximate the true state of the aircraft as simulated through Matlab when
tested within a faultless environment, overcoming also the initial error conditions,
thus verifying its robustness against this stage of the algorithm.

Finally, the employment of the innovation step of the Extended Kalman Filter
algorithm in order to detect faults in the sensor measurement system led to the di-
agnosis of such flaws with a high level of reliability, certifying that it can be used as
an inexpensive and trustworthy tool in the prevention of defective sensors affecting
the approximation of the actual state of the aircraft, which is key to the success of
the aircraft mission.
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