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BUCKLING ANALYSIS OF COMPOSITE PANELS WITH STRINGERS 

SUMMARY 

With the developing technology, materials with low weight and high strength are 

needed, especially in the aerospace engineering. Composite materials are lighter and 

more durable than other materials. Composite is the material formed by combining at 

least two different materials with superior properties in macro dimensions. Since the 

mid-1960s, composite materials started to be produced and their usage areas have 

become widespread today. The composite material, like other materials, is exposed 

to external load, impact and stress under pressure. The mechanical behavior of 

composite materials is complex due to their structure. When a long and thin 

structural element is subjected to axial compression load and this load reaches a 

certain critical magnitude, this structural element is deformed and this change is 

called buckling. The buckling problem of composite plates is an important problem 

and this problem has been the subject of several studies. For the first time, Euler 

calculated the maximum load that a thin column can endure without buckling 

(1700’s). In the following years, the Euler formula was transformed into different 

forms. Timoshenko found the elastic stability and buckling theory for flat rectangular 

plates (1936). The buckling problem of composite plates was investigated by Leissa 

(1985). 

The aim of this study is to examine the buckling behavior of axially loaded 

symmetrical laminated composite rectangular plates with the boundary conditions for 

all sides simple support. In the study, composite plates exposed to uniaxial (Nx) 

compression load from two opposite sides in the direction of x were examined and it 

was thought that the Classical Laminated Plate Theory (CLPT) would be sufficient 

since only thin plates would be used. In the project, the formulas that gives the 

critical buckling load for orthotropic plates step by step is presented using balance 

equations based on the Classical Plate Theory (CPT) obtained from Kirchhoff 

assumptions. In the next chapter, buckling of composite plates is examined. The 

formulas that give the critical buckling load under the uniaxial and biaxial 

compression load of thin composite plates with simple support on all four sides are 

presented. The formulas that give the critical buckling loads of the composite plates 

under different boundary conditions and different loads are presented as a table 

without all detail. Then the necessary formulas for unsymmetric orthotropic plates 

are given. In the next chapter, necessary formulas are presented for laminated 

rectangular composite plate formed with different fiber orientations of N orthotropic 

layers used in analytical solution. In the next chapter, the analytical results obtained 

with the MATLAB program and the numerical results obtained from the ANSYS 

APDL analysis program were compared. Comparisons were made between different 

fiber directions of plates, different layer thickness, different plate sizes, composite 

plates with and without stringers. 
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STRINGERLI KOMPOZİT PANELLERİN BURKULMA ANALİZİ 

ÖZET 

 

Günümüzde teknolojinin gelişmesiyle birlikte yüksek performanslı yapısal malzeme 

arayışları başlamıştır. Özellikle havacılık ve uzay, savunma, denizcilik ve otomotiv 

endüstrisinde düşük ağırlık ve yüksek mukavemete sahip malzemelere ihtiyaç 

duyulmaktadır. Kompozit malzemeler diğer malzemelere göre daha hafif ve daha 

dayanıklıdır. Kompozit malzeme, yapıldığı malzemelere göre üstün özelliklere sahip 

en az iki farklı malzemenin makro boyutlarda birleşerek oluşturduğu yeni 

malzemeye denir. Birbiri içinde çözünmeyen bu malzemelerin bir araya 

getirilmesiyle daha dayanıklı, daha hafif, daha esnek ve daha kolay şekillenebilme 

gibi üstün yeni özelliklere sahip malzemeler elde etmek amaçlanmaktadır. Ayrıca 

kompozitin yüksek korozyon direncinin olması, yorulma ve aşınma dayanımının 

fazla olması da tercih edilme sebepleri arasındadır. 1960’lı yılların ortalarından 

itibaren kompozit malzemeler üretilmeye başlanmış ve günümüzde kullanım alanları 

giderek yaygınlaşmıştır. 

Kompozit malzemeler de diğer malzemeler gibi kullanıldıkları süre boyunca dış 

etkilere, darbelere ve basınç altında gerilmelere maruz kalırlar. Yapıları gereği 

kompozit malzemelerin mekanik davranışları karmaşıktır. Davranışlarını incelemek 

için teorik, deneysel ve analiz çalışmalarını bir arada yürütmek gerekir. Uzun ve ince 

bir yapısal eleman eksenel olarak basma yüküne maruz kaldığında ve bu yük belli bir 

kritik büyüklüğe ulaştığında bu yapısal eleman deformasyona uğrar. Meydana gelen 

bu değişim burkulma olarak adlandırılan sistem geometrisinin neden olduğu yapısal 

bir kararsızlıktır. Burkulmanın meydana geldiği yük, yapının dayanımına bağlı değil, 

rijitliğine bağlıdır. Birçok alanda yapı elemanı olarak kullanılan kompozit yapıların 

burkulma problemi büyük bir sorun haline gelmiştir. Bu nedenle çubuk, plaka ve 

kabuk gibi yapısal elemanların burkulma problemi üzerine birçok araştırma 

yapılmıştır.  

Sıkıştırılmış elemanların burkulma problemi ilk olarak yaklaşık 300 yıl önce 

Euler tarafından ele alınmıştır. 1700’lü yılların ilk yarısında Euler ince elastik 

bantların veya laminaların statik özelliklerini inceledi ve çalışmaları sonucunda ince 

bir sütunun burkulması için kritik bir yük olduğunu gösterdi. İnce bir sütunun 

bükülmeden dayanabileceği maksimum yükü veren Euler burkulma formülünü 

buldu. 1850’li yıllardan sonra demir yolları ve köprülerin gelişmesiyle birlikte 

Euler’in çalışmaları farklı formlara dönüştürüldü. 1888 yılında Kirchhoff’un 

homojen ve izotropik ince plakalar için varsayımlarını kullanarak Love iki boyutlu 

bir matematiksel model geliştirdi. Bu model, plakanın yer değiştirme ve şekil 
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değiştirme alanlarını, iki boyutlu ve orta düzlem yer değiştirme alanı olarak ifade 

etmektedir. Kirchhoff-Love Hipotezinin geliştirilmesiyle Klasik Plaka Teorisi (KPT) 

elde edilmiştir. 1889 yılında Byran ilk elastik stabilite teorisini yayınladı. Byran 

çalışmasında eksenel yükleme altında düz dikdörtgen bir plakanın burkulma 

problemini inceledi. 20. yüzyılın başlarında Timoshenko düz dikdörtgen plakalar için 

elastik stabilite ve burkulma teorisini buldu ve 1936 yılında “Theory of Elastic 

Stability” adlı kitabını yayınladı. Çalışmalarında denge denklemlerini kullanarak 

burkulma yükünü hesapladı. Kompozit malzemeler ile ilgili araştırmalara 20. 

yüzyılın ikinci yarısından sonra başlanmıştır. Kompozit plakaların burkulma 

problemi 1985 yılında Leissa tarafından incelenmiştir. Leissa beş farklı düzlem-içi 

yükleme etkisindeki basit destekli simetrik katmanlı kompozit plakların burkulma 

yüklerini, KPT çerçevesinde, yer değiştirme bileşeninin trigonometrik biçimde 

varsayıldığı Ritz yöntemini kullanarak elde etmiştir. Günümüzde yapılan bu 

çalışmaların geliştirilmesiyle ve gelişen teknolojiyle birlikte daha kapsamlı 

araştırmalar yapılıp teorik sonuçlar, deney ve analiz programlarıyla elde edilen 

sonuçlarla karşılaştırılıp daha doğru sonuçlar elde edilmektedir.  

Bu çalışmanın amacı; tüm kenarlarından basit destekli simetrik açılı-katmanlı 

kompozit dikdörtgen plakların eksenel yük altında burkulma davranışını 

incelemektir. Çalışmada x ekseni doğrultusunda karşılıklı iki kenarından tek eksenli 

(Nx) basma yüküne maruz plakalar incelenmiştir ve sadece ince plakalar üzerinde 

inceleme yapılacağı için Klasik Laminasyon Plaka Teorisi’nin (KLPT) yeterli 

olacağı düşünülmüştür. Projede ilk olarak KPT temelini olan 3 tane Kirchhoff 

varsayımı ele alınmıştır. Kısaca bu varsayımlar şöyledir; (1) deformasyondan önce 

orta yüzeye dik olan düz çizgi, deformasyondan sonra da doğrusal kalır ve hala 

deforme olmuş orta yüzeye diktir, (2) orta düzlemde yer alan noktaların düzlem içi 

yer değiştirmesi yoktur ve (3) orta düzleme paralel katmanlar arasında sıkıştırma 

yoktur. Bu varsayımlar doğrultusunda denge denklemleri kullanılarak aşamalı bir 

şekilde ortotropik plakalar için kritik burkulma yükünü veren formül elde edilmiştir. 

Bu formüllerin elde edilesindeki adımlar tüm ayrıntılarıyla verilmemiş temel olarak 

ele alınmıştır. Daha sonraki bölümde kompozit plakaların burkulması incelenmiştir. 

Dört kenarı da basit destekli olan ince kompozit plakaların tek eksenli ve iki eksenli 

basma yükü altında kritik burkulma yükünü veren formüller elde edilmiştir. Farklı 

sınır koşulu ve farklı kombinasyonlardaki yüklemeler altında kompozit plakaların 

kritik burkulma yüklerini veren formüller ayrıntıya girilmeden bir tablo halinde 

sunulmuştur. Daha sonra simetrik olmayan ortotropik plakalar için gerekli olan 

formüller verilmiştir. Bir sonraki bölümde analitik çözümde kullanılan N tane 

ortotropik tabakanın farklı fiber doğrultularında birleştirilmesiyle oluşturulan N 

katmanlı dikdörtgen kompozit plaka için gerekli formüller sunulmuştur. Bir sonraki 

bölemde MATLAB programı ile elde edilen analitik sonuçlar ve  ANSYS APDL 

analiz  progrmından elde  edilen numerik sonuçlar karşılaştırılmıştır.  Karşılaştırmlar 

plakaların farklı fiber doğrultularında , farklı tabaka kalınlığında , farklı plaka 

boyutlarında , stringerlı ve stringersız kompozit plakalar arasında yapılmıştır. 
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1. INTRODUCTION 

Composite materials are generally lighter and more durable than other materials. For 

this reason, with the development of aerospace engineering, composite materials 

have started to be preferred more. the spread of using composite materials acompany 

the problem of instability of the material. 

1.1 Purpose of Thesis 

In this study, the analytical and numerical solution of the buckling analysis of 

symmetrically laminated rectangular thin composite plates was investigated. 

Calculations were made according to the equations of Classical Lamination Plate 

Theory (CLPT). The simply supported boundary condition was considered at the all 

edges of the composite plate. With the finite element method, it was aimed to 

observe the effects of plate thickness, plate dimensions, fiber orientation and, stringer 

on buckling loads. The results were obtained by commercial software ANSYS R19.0 

program and MATLAB program. 

1.2 Literature Review 

A long and slender structural member may suddenly fail laterally when subjected to 

compressive loads. This lateral change that occurs is called buckling. Buckling is not 

a failure of material such as fracture but an instability caused by system geometry. 

This instability has become a major problem, especially in aerospace engineering. 

Therefore, a lot of research has been done on the stability of structural elements such 

as bars, plates and shells. 

 The lateral buckling problem of the compressed members was first handled by 

Leonhard Euler about 300 years ago. In the first half of the 1700s, Euler examined 

the static properties of thin elastic bands or laminae. As a result of studies, Euler 

showed that there was a critical load for buckling of the slender column and found 

the Euler buckling formula which gives the maximum load a slender column can 

endure without bending [1]. The main materials used at that time were wood and 
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stone with low strength [2]. Elastic stability was not the primary problem for these 

materials. At the begining of the development of railways bridges within the 1800s, 

material such as cast iron and steel are started to be used [3]. The issue of stability at 

that point became a critical issue for the security of the constructions. After 1850 

Euler's studies for the column were amplified to different structural forms. The first 

study on buckling the elastic ring was published by Bresse in 1859 [4]. Rectangular 

frames were handled for the first time in 1893 [4]. The first general theory of elastic 

stability was published in 1889 by Bryan. Bryan examined the buckling of a flat 

rectangular plate under axial loading. Several problems of buckling have been 

detected in structures such as plates in ship hulls and wing skin in airplane. 

Researches were carried out on these subject. Stephen Timoshenko has introduced 

his finding on elastic stability and buckling for flat rectangular plates in the early 

20th century [5]. In 1936, a book called “Theory of Elastic Stability” was published 

by Timoshenko [2]. The studies were based on equilibrium consideration and just the 

buckling load was computed in this way. The buckling behavior of Sandwich Beams 

was studied in 1948 by Hoff, and Mautner [6]. Bauld investigated the dynamic 

stability of sandwich columns under pulsed axial loads in 1967 [7]. According to the 

geometrical nonlinear theory, Sheinman and et al. examined the post-buckling 

behavior of laminated beams. For example, in 1987, Sheinman and Adan conducted 

a parametric study on the effect of shear deformation on post-buckling behavior, 

which includes several kinematic approaches for isotropic and anisotropic laminated 

beams [8]. The effect of delamination on the stability of the laminated composite 

strip was investigated in 1989 by Sheinman, Bass, and Ishai [9]. An analytical model 

was developed by Somers, Weller, and Abramovich in 1991 to estimate buckling and 

the post-buckling behavior of the composite sandwich beams with prespecified 

delamination [10]. In 1998, a theory for symmetrically laminated composite beams 

was presented by Morey et al. and the theory was applied to box and I beams. The 

buckling of eight-layer symmetric angle-ply composite beams oriented between 25° 

and 60° has been compared with classical plate theory. Since it has many layers, a 

significant decrease in buckling load is observed [11]. Aydoğdu conducted a study 

that is buckling analysis and thermal buckling analysis of cross-ply laminated beams 

exposed to different sets of boundary conditions based on three-degree-of-freedom 

shear deformable beam theory [12,13]. In 2007, Goyal and Kapania developed a 

model with 21 degrees of freedom based on First-Order Shear Deformation Theory 
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(FSDT) to study the behavior of non-symmetrical laminated composite structures 

exposed to both static and dynamic loadings [14]. Finite element formulation related 

to thermal buckling of composite sandwich beams was asserted by Pradeep et al [15]. 

In 2009, the one-dimension finite element model for the analysis of global and local 

buckling of sandwich beams considering layer-wise higher-order transversal 

displacements was developed by Hu and et al [16]. Simple, elegant, and exact closed 

expansions to estimate post-buckling behavior of composite beams was developed by 

Gupta and et al in 2010. Rayleigh-Ritz (R-R) method was used in this study [17]. In 

2012, Chakrabarti and et al used the higher order zigzag theory (HOZT), and they 

created a new finite element model for the buckling analysis of the laminated soft 

core sandwich beam [18]. In 2012, one-dimension finite element based unified 

higher-order model for the buckling analysis of laminated composite thin walled 

structures was improved by Ibrahim and et al. in accordance with the Carrera Unified 

Formulation (CUF). Finite element analysis was chosen because, besides boundary 

conditions, it was aimed to easily examine random geometries. In this study, the 

buckling behavior of laminated composite beams and flat panels was analyzed to 

prove the effectiveness of the formulation. They observed various types of buckling 

modes subjected to the geometric and material parameters [19]. In 2013, Vo and et 

al. improved a finite element model depended on the sinusoidal shear deformation 

theory to examine vibration and buckling analysis of composite beams with arbitrary 

layouts. In terms of governing equations, boundary conditions, and stress resultant 

expressions they found that their model and Euler–Bernoulli beam theory were 

similar. The governing equations of motion were obtained using the Hamilton 

principle [20]. In 2014, Kim and Lee developed an effective thin-walled Timoshenko 

laminated beam exposed to variable forces for combined stability and free vibration 

analysis [21]. By Wang et al., for the buckling analysis of laminated composite 

beams with different boundary conditions, the isogeometric finite element method 

(IGA) was applied on basis of the Non-Uniform Rational B-splines (NURBS) basis 

function in 2015. Symmetric and anti-symmetric, cross-ply and angle-ply composite 

beams were examined, each beam element has four degrees of freedom per control 

point. In particular, the Poisson's effect on the critical buckling loads of the 

composite beam has been clearly demonstrated [22]. In 2018, Ouadia and et al were 

examined the buckling and buckling behavior of chat-stringer-stiffened composite 

panel under axial compression load using a finite element software program. The 
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finite element models were created by the commercial software program, ABAQUS.. 

In 2019, Köhler and et al. presented an analytical model derived from Kirchhoff's 

plate theory for the prediction of buckling failure during the creation of concave 

stringer plate curvatures under different process boundary conditions [23].  

Like these studies, several researchers aimed to find the behavior of their models by 

changing various parameters on the 2 dimensional or 3 dimensional models they 

designed and in their theoretical studies  in order to better understand composite 

structures and reveal unexpected results.  Finite element analysis is one of the 

common methods used in research. 
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2. BUCKLING OF THIN PLATES 

2.1 Definition 

When a small magnitude compression load is applied to a thin plate, the plate is 

stable. When the magnitude of the applied load is increased, the steady state of the 

plate disturbed. The plate buckled against this load and this load is called the critical 

buckling load. If the load size is increased further, large transverse deflection will 

occur, therefore differential equations have been developed. 

2.2 Plate Buckling Equation 

The Kirchhoff – Love Plate Theory is a two-dimensional mathematical model 

developed by Love using Kirchhoff's assumptions. These assumptions which has a 

kinematic nature refer to displacement and strain fields of the plate as a two-

dimensional and mid-plane displacement field. Kirchhoff's assumptions that are valid 

for homogeneous and isotropic thin plates can be summarized as in the following 

statements [24]. 

Assumption 1: The straight line segment, which is perpendicular to the mid-surface 

before deformation, remains linear after deformation and is still perpendicular to the 

deformed mid-surface. The influence of elongation along the mid-plane to deflection 

may be neglected. 

Assumption 2: The points located in the mid-plane have no in-plane displacement. 

Assumption 3: There is no inter-compression between the layers parallel to the mid-

plane. In other words, the length of the line A-D in Figure 2.1 is constant. 

The Classical Plate Theory (CPT) is obtained by developing these assumptions. 

Calculating the buckling load of laminated composite plates is more complex than 

CPT. Kirchhoff's assumptions have expanded for orthotropic and composite 

multilayer thin plates. By developing CPT, The Classical Laminated Plate Theory 

(CLPT) was obtained for composite plates. 
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Figure 2.1. Geometry of deformation in the x-z plane [25] 

 

In the coordinate system, the x and y axes are in the mid-plane and the z axis is in the 

direction of the plate thickness. The thickness is constant throughout the plate and 

the plate is assumed to be thin. The formulas given below are taken from book called 

“Buckling of Laminated Composite Plates and Shell Panels” [26]. The derivation of 

the formulas required for this study is presented below without all details based on 

the basic equations. 

 

(2.1) 

 

where u, v, w are displacement components of a typical point in the plate, and uo, vo, 

are in-plane displacements at a point of the mid-plane.  

Using the strain-displacement equations of classical plane elasticity theory, 

 

 

 

where  are the in-plane normal strains, and  is the in-plane shear strain. If 

Eq. 2.1 is reorganized, the following equation is obtained, 
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where  are the mid-plane strains, and , and  are the curvature 

changes of the mid-plane during deformation. These quantities are also functions of x 

and y only, and are given by 

 

 

 

 

In-plane normal forces  , in-plane shear force , and shear forces  for 

the plate are shown in the Figure 2.2. Bending moments  twisting moment 

 are shown in the Figure 2.3.  

 

 

 

 

 

 

 

 

 

Figure 2.2 Positive stress resultants 
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Figure 2.3 Positive moment resultants 

The in-plane stress resultants , and moment resultants   are 

obtained by carrying out the force and moment integrals through the thickness; that 

is, 
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Where  are the in-plane normal stresses and  is the in-plane shear stress. 

The in-plane stress resultants and moment resultants are related to the mid-plane 

strains  and mid-plane curvature changes , and  by six 

simultaneous equations, which may be written matrix form as  

 

Where  and  are stiffness coefficients.  

 

 

 

with  being constants which change from layer to layer during the integrations. 

The   coefficients cause coupling between bending and stretching at the plate 

during transverse displacements. 

Assume that a thin plate is buckled because of the pressure components of the, 

 and in-plane stress resultants. Timoshenko and Woinowsky-Krieger have 

developed governing differential equations for an infinitesimal plate element using 

moment balance equations and force balance equations. Force equilibrium in x, y, z 

directions for an infinitesimal plate element gives the following the equilibrium 

equation. 
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Moment equilibrium in x, y directions for an infinitesimal plate element gives the 

following the equilibrium equation. 

 

(2.11) 

 

Transverse shear forces  in Eq. 2.10 are small, such as the  and  slopes. 

By using it, the Eq. 2.10 and Eq. 2.11 are modified and the following equation is 

found 

 

 

 

 

Assume that the expressions in Eq. 2.12 consist of two parts, excluding w and body 

forces. These two parts are the initial part that existed before the buckling and an 

additional part resulting from buckling. “i” refers to the initial part, before the 

buckling, and “b” is the result of buckling. “i” and “b” are used as superscripts. 

 

 

(2.13) 
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It is assumed that the plate remains flat before buckling;  

 

 

In addition, it is assumed that no additional body forces are added during the 

buckling; 

 

 

Eq. 2.12 before the buckling is expressed as follows: 

 

 

 

 

 

If the Eq.  2.13, Eq. 2.14, and Eq. 2.15 are replaced in the Eq. 2.12, the following 

equations are obtained, 

 

 

 

 

three terms in Eq. 2.17, 
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These three terms are considered to be small than the last three terms of a third of Eq. 

2.17 and have been removed from equation. Since  and are functions of 

w, all three terms in Eq. 2.18 are not linear. Therefore, it is obligatory to removed 

 and  in order for the buckling problem to be acceptably traceable. 

Since w is equal to zero,  and are equal to zero according to Eq. 2.4. If 

the Eq.  2.4, Eq. 2.8 are replaced in the Eq. 2.16, the following equations form are 

obtained, 

 

 

 

To simplify the equation, the expression "o" exponent has been removed without 

displacement. All Bij are equal to zero for symmetrical lamina plates and Eq. 2.19.3 

yields . However, for the unsymmetric lamina plate, not all Bij are equal to 

zero. 

2.2.1. Unsymmetric laminates 

For an unsymmetric laminated composite plate, there is coupling bending and mid-

plane stretching. If the Eq. 2.4, Eq. 2.5, and Eq. 2.9 are replaced in the Eq. 2.17, the 

following equations in matrix form are obtained 

 

 

where the   are differential operators representing plate stiffness. 
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(2.21) 

 

 

 

 

 

 

where F is a differential operator representing the in-plane loading, 

 

For simplicity, the superscripts "b" and "i" has been removed from Eq. 2.17.  

2.2.2 Anisotropic plates 

In the next stage, in the main body of the monograph, it will be assumed that u, v, w 

represents small displacements of the plate during buckling, and  

represent only the in-plane forces that existed before buckling. For symmetrical 

lamina plates,  equals to zero and  operators disappears in the Eq. 2.21. 

In the buckled configuration, the in-plane part yields u and v are equal to zero, and 

the transverse displacements are as follows: 
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Eq. 2.23 has the same form as the buckling equation for a homogeneous and 

anisotropic plate, except how  that are the stiffness coefficients are calculated. 

 

2.2.3 Orthotropic plates 

There is no coupling between bending and twist for symmetrically laminated cross 

ply plates, and  equal zero. Thus, Eq. 2.24 is obtained and Eq. 2.24 has the 

same form as the buckling equation for a homogeneous and orthotropic plates. 
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3. BUCKLING OF COMPOSITE THIN PLATES 

Composite materials are a type of material produced by combining two or more 

materials with different mechanical properties. Laminated composite plates are 

widely used in engineering structures such as ships, aircraft. In this chapter, the 

buckling of composite plates used as structural elements is addressed. 

The geometry and coordinate system of the plate with length a, width b, and 

thickness h, is as shown in Figure 3.1. At this stage, the formulas given below are 

taken from book called “Stability and Vibrations of Thin-Walled Composite 

Structures”, [27] . 

 

Figure 3.1 Coordinate system and geometry of plate 

The boundary conditions for all sides simply supported plate (SSSS) are as follows: 

 

 

(3.1) 
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where  are the bending moments and w is  the out-of-plane displacement of 

the plate. 

 

 

 

3.1 Buckling of Rectangular Composite Plate under Uniaxial Compression 

When the plate is subjected to compression load in the x direction 

only,  in Eq. 2.24, as shown in the Figure 3.2. Assume that the 

compression loads are constant per unit width.  

 

 

 

 

Figure 3.2 A composite plate under uniaxial compression 

The boundary conditions given by Eq. 3.1 are exactly satisfied by assuming the 

buckling mode shapes 

  

where  is a small arbitrary amplitude coefficient and m, n are the number of half-

waves in the x and y directions, respectively. When boundary conditions for all sides 



31 

 

simply supported plate are substituted in Eq. 2.24, the following critical load is 

obtained; 

 

Minimum  is obtained when n equals one. Eq. 2.8 can be expressed Eq. 3.6 

using non-dimensional parameters, 

 

 

 

For   and three values of  D11/D22 (0.1,1, and 10), the plot of Eq. 3.6 

is obtained, as shown in the Figure 3.3.  

 

 

 

 

 

 

 

 

 

Figure 3.3: Uniaxial buckling of SSSS plates with various D11/D12, for 

       (D12+2D66)/D22=1 [26] 
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Minimizing Eq. 3.6, the minimum of each curve occurs at 

 

and that the corresponding minimum values are given by 

 

3.2 Buckling of Rectangular Composite Plate under Biaxial Loading 

Another case is when the rectangular composite plate is subjected to compression 

load in the both directions of the plate, Nxy=0 in Eq. 2.24. The composite plate under 

biaxial loading is shown in Figure 3.4. The compression loads applied in x and y 

directions are constant. 

 

 

 

 

 

 

 

Figure 3.4 A Composite plate under biaxial compression 

Similarly, the process to obtain Eq. 3.4 is repeated. When boundary conditions that 

given at Eq. 3.1 are substituted in Eq. 2.24, the following critical load is obtained; 
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Dividing Eq. 3.9 by  ,  

 

 

or 

 

For   and three values of  D11/D22  (0.1,1, and 10), the plot of Eq. 

3.11 is obtained, as shown in the Figure 3.5 and Figure 3.6.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.5: Hydrostatic buckling stress (Ny/Nx=1) of SSSS plates with various 

  D11/D12, for (D12+2D66)/D22=1, [26] 
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Figure 3.6:  Tension-compression buckling stress (Ny/Nx=-1) of SSSS plates with  

         various D11/D12, for (D12+2D66)/D22=1, [26]  

 

3.3 Boundary Conditions 

Buckling loads for different boundary conditions and load will be given at this stage. 

Since the calculations at this stage are complicated, the formulas are presented in 

Table 2 without details. The detailed information may be found in the book called 

“Buckling of Laminated Composite Plates and Shell Panels” and “Design and 

Analysis of Composite Structures with Applications to Aerospace Structures” 

[26,28]. The necessary boundary conditions for simply supported are given in Eq. 

3.1. 
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Clamped on all four sides of the plate: 

 

 

(3.12) 

 

 

 

Free on all four sides of the plate: 

 

 

(3.13) 

 

 

where  

 

 

In Table 3.1,  is a parameter appropriately selected to satisfy the boundary 

conditions of the problem and SS represents simply supported, C represents clamped
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Table 3.1. Buckling loads for various boundary conditions and load combinations[28] 

Shape λ Formulas 
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Table 3.1. (continued )[28] 

Shape 
λ Formulas 
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Table 3.1. (continued )[28] 

Shape λ Formulas 
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Figure 3.7  Symmetric, antisymmetric, and unsymmetric regular and general cross-ply 

    Laminates [26] 

3.4 Unsymmetric Orthotropic Plates 

When ply of the laminated composite plate are placed unsymmetrically at different 

angles relative to the middle plane of the plate, plate is called unsymmetrical plate. 

Examples of cross-layer layouts in composite plates are shown in Figure 3.7.  

 

 

 

 

 

 

 

 

There are four types of simply supported boundary conditions when in-plane 

boundary conditions and outer-plane boundary conditions are combined, these; 

 

 

 

(3.15) 

 

 

 

where n and t represents normal and tangent directions to given boundary, 

respectively,   is the bending moment,  is the normal force, and  is the shear 

force per unit width. 
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 Only two closed form solutions are available for unsymmetric laminated rectangular 

plates under uniform biaxial loading. One solution is for cross-ply having SS2 

boundary conditions all around the plate and the second one for angle-ply plates on 

SS3-type edges. For unsymmetric laminated plates,   are 

equal to zero. Asymmetric cross-ply laminates have 

 The matrix form of 

forces and moments during buckling for the unsymmetrical cross-floor laminate is as 

follows: 

 

 

 

SS2 boundary conditions at x=0, a and y=0, b for unsymmetric cross-ply laminates 

have the following exact solutions for the three displacements: 

 

 

 

 

Substituting Eq. 3.17 into Eq. 3.16, 

 

 

 

Note that the in-plane resultants,  and  are compressive loads. Where  
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Figure 3.8: Uniaxial nondimensional buckling loads of rectangular antisymmetric cross-ply laminated 

           plates.[29] 

 

 

 

 

 

 

 

The results for antisymmetric cross-ply graphite/epoxy plates having various number 

of layers is presented in Figure 3.8. 
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Figure 3.9: Relative uniaxial buckling loads of a square antisymmetric cross-ply laminated 

             plates [29] 

The variation of the uniaxial buckling load as function of the of the Young’s 

modulus ratio E1/E2 for a square antisymmetric cross-ply laminated plate, as shown 

in the Figure 3.9.  

 

 

For antisymmetric angle-ply laminated plates,   are equal 

to zero. For the SS3 boundary conditions at x=0, a and y =0, b, the expressions for 

the three displacements are 

 

 

 

 

As with the solution for the unsymmerical plate, substituting Eq. 3.20 into Eq. 3.16, 
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where 

 

 

 

 

 

 

The critical buckling load per unit width can then be written as 

 

 

 

where 
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Table 3.2: Uniaxial buckling loads for square antisymmetrically laminated 

       graphite/epoxy plates [26] 

 

θ 

 

Number of Layers 

2 4 6 =(Orthotropic) 

0 35.831 35.831 35.831 35.831 

15 21.734 38.253 41.313 43.760 

30 20.441 49.824 55.265 59.619 

45 21.709 56.088 62.455 67.548 

60 
19.392 

(m=2) 

45.434 

(m=2) 

50.257 (m=2) 54.115 (m=2) 

75 
12.915 

(m=2) 

22.075 

(m=2) 

23.772 (m=2) 25.129 (m=2) 

90 
13.132 

(m=3) 

13.132 

(m=3) 

13.132 (m=3) 13.132 (m=3) 

 

 

Table 3.3: Biaxial buckling loads for square antisymmetrically laminated 

      graphite/epoxy plates [26] 

 

θ 

 

Number of Layers 

2 4 6 =(Orthotropic) 

0 10.871 10.871 10.871 10.871 

15 10.332 17.660 19.017 20.103 

30 10.220 24.912 27.633 29.809 

45 10.854 28.044 31.227 33.774 
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3.5 Macromechanical Properties of Composite Materials 

In this section, the formulas used in MATLAB will be presented to obtain a 

numerical solution. Relationships between engineering constants for orthotropic 

materials are more complex. Only the formulas to be used are presented below, 

details can be found in book “Mechanics of Composite Materials” [25].  

 

 

 

 

 

 

 

Figure 3.10: Unidirectional Reinforced Lamina [25] 

The unidirectional reinforced lamina in the 1-2 plane is shown in Figure 3.10. After 

the necessary arrangements are made, the stress strain relationship is obtained as 

follows 

 

where the Qij are the reduced stiffnesses for a plane stress state in the 1-2 plane. For 

the orthotropic lamina, the Qij in terms of engineering constants is given below 

 

 

 

(3.26) 
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Figure 3.11: Fiber orientation in x-y coordinates 

where E1 and E2 are Young Modulus, G12 is shear modulus, and υ12 and υ21 are 

Poisson ratio. The relationship between υ12 and υ21 is as follows 

 

 

 

For an orthotropic material, the stresses and strains relations were defined in the 

principal material coordinates. Laminae can be in different orientation as shown in 

Figure 3.11, therefore a relation is needed between the stresses and strains in the 

principal material coordinates and those in the body coordinates. 

 

 

 

 

 

 

 

 

The stress-strain relations in x-y coordinates 

 

 

where   are transformed reduced stiffness matrix elements, the terms of this matrix 

are obtained as follows 

 

 

(3.29) 
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Figure 3.12: Geometry of an N-layered laminate 

The lower and upper limit of ply z(k-1) and z(k) shown in Figure 3.11, respectively. The 

"z" direction is chosen downward positive and is chosen as the starting point of the 

mid-plane. N represents the total number of layers. 

After the uniaxial compression loading, the critical bukling load was obtained in Eq. 

3.4 for the composite plate, which is simply supported on all four sides. If the 

formula is rewritten 

 

 

 

where  

 

 

Where tk is the thickness of layer and   is the distance from the mid-plane to the 

centroid of the layer. 

Using the formulas in this section, MATLAB program was used to calculate the 

critical buckling load. MATLAB code is presented in Appendik A. 
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4. NUMERICAL ANALYSIS 

In this chapter, using commercial software ANSYS R19.0 analysis program, the 

critical loads of composite plates with different parameters such as different 

thickness, different angle are compared. 

4.1 Element Type 

In this project, shell, SHELL181 is selected as the element type for all models. 

SHELL181 is suitable for analyzing thin to moderately-thick shell structures and can 

be used for layered applications for modeling composite shells or sandwich 

construction. The following Figure 4.1 shows the geometry, node locations, and the 

element coordinate system for this element. 

 

 

Figure 4.1 : SHELL181 Geometry  

 4.2 Metarial Selection and Proporties 

Epoxy E-Glass UD that commonly used in the aviation industry was chosen as 

composite material and material properties of Epoxy E-Glass are presented in Table 

4.1.  
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Table 4.1: Metarial proporties of Epoxy E-Glass UD 

Property  Symbol Value Unit 

Young’s 

modulus x 

direction 

E1 45x103 MPa 

Young’s 

modulus x 

direction 

E2 10 x103 MPa 

Young’s 

modulus x 

direction 

E3 10x103 MPa 

Poisson’s Ratio 

XY 
ν12 0.3  

Poisson’s Ratio 

YZ 
ν23 0.4  

Poisson’s Ratio 

XZ 
ν13 0.3  

Shear Modulus 

XY 
G12 5 x103 MPa 

Shear Modulus 

YZ 
G23 5 x103 MPa 

Shear Modulus 

XZ 
G13 5 x103 MPa 

4.3 Modeling 

A rectangular plate with a long edge of a = 500 mm was chosen as the model. Short 

edge, b varies according to a/b ratio in comparisons. The plate thickness, tk also 

varies under different conditions. 

 

4.4 Meshing  

 

The rectangular plate is meshed by dividing each edge into 10 mm intervals. 

4.5 Boundary Conditions  

All sides of rectangular composite plates are simply supported. Each node has 6 

degrees of freedom, these are UX, UY, UZ, ROTX, ROTY and ROTZ where ROT 

refers to the degree of freedom of rotation. Figure 4.2  shows various boundary 

conditions expressed on shell model of a plate with all edges simply supported. 
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Figure 4.2 : Boudary Conditions for SSSS 

4.6 Loading  

Uniaxial compression loading was applied in the x direction on the plate. The 

eigenvalue buckling analysis calculates a scaling factor for the existing loads; 

therefore, if a unit load is applied, the scaling factor yields the buckling load [30]. 

Pressure of 1 unit was applied on line x = a. 

4.7 Solution 

Under Uniaxial compression loading, static solution is done to establish the 

stiffening of the structure. There are several buckling modes but theoretically the 

number of buckling modes is infinite. The first buckling mode is the mode that 

requires the smallest load. While eigenvalue buckling solution is done, this mod 

number is entered by the user. At this stage, buckling loads are calculated for each 

mode. The values received in the project are the values in the case of m = n = 1. 

4.8 Comparisons 

4.8.1 Comparison of analytical and numeric solutions 

 

The analytical solution was obtained using the MATLAB code created with the 

formulas presented in chapters 2 and 3. The numerical solution was obtained using 

ANSYS APDL. Comparison was made by changing the thickness of the layer in two 

different angle configurations, 90/0/0/90 and 0/90/90/0. 
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Table 4.2: Comparison of analytical and numeric solutions 

Fiber Orientation  

 

Thickness 

of Layer 

MATLAB ANSYS 

90/0/0/90 0.5 mm 20.631 20.59 

90/0/0/90 0.25 mm 2.5741 1.7982 

0/90/90/0 0.5 10.018 6.99 

0/90/90/0 0.25 mm 1.2522 0.8744 

 

 

4.8.2 Effect of fiber orientation and a/b ratio 

While making comparison, the total thickness of the plate was taken as 2 mm. a = 

500mm, b value changes according to a / b ratio. Comparisons are presented in table 

4.2. 

 

Table 4.3:  Critical bukling load change according to angle orientation and a/b ratio 

Fiber Orientation a/b=1 a/b=1.5 a/b=2 

0/0 6.46903 12.8465 21.4939 

45/45 6.48725 18.99 16.0017 

90/90 5.2661 10.9909 18.5952 

 

It is clear that the critical load increases for the [0/0] and [90/90] configurations as 

the b value decreases, that is, the a / b ratio increases. In the [90/90] configuration, 

less critical buckling load value is obtained compared to [0/0]. The behavior of the 

45/45 configuration varies. 
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APPENDICES 

 

APPENDIX A 

 
clc 

clear 

close all 

N = 4; % Number of Layer 

a = 500; % Lenght, mm 

b = 250; % Width, mm 

m = 1; % The number of half-waves in the x 

directions 

n = 1; % The number of half-waves in the y 

directions 

tk=0.5; % Thickness of layer, mm 

theta=[0 90 90 0]; % Fiber orientation, degree 

E1 = 45000; % Young's Modulus x direction 

E2 = 10000; % Young's Modulus y direction 

P12 = 0.3; % Poission Raitio 

P21 = P12 * E2 / E1; % Poission Raitio 

G12 = 5000; % Shear Modulus 

% The reduced stiffness 

Q11 = E1 / (1 - (P12 * P21)); 

Q12 = P12 * E2 / (1 - (P12 * P21)); 

Q22 = E2 / (1 - (P12 * P21)); 

Q66 = G12; 

z=zeros(1,N); % the distance from the mid-plane to 

the centroid of the layer. 

D=zeros(6,6); 

D11 = 0; 

D12=0; 

D22=0; 

D66=0; 

for i=1:1:(N/2) 

z(i) = (tk * N / 2) - (tk / 2) * (2 * i - 1); 

z(N-(i-1)) = (tk * N / 2) - (tk / 2) * (2 * i - 1); 

end 

% The transformed reduced stiffness matrix elements 

for x=1:1:N 

1 
Qt(1, 1, (x)) = ( Q11 * ( cosd(theta(x))^4 ) ) + (2 * ( Q12 

+ (2 * Q66) ) * (sind(theta(x))^2) * (cosd(theta(x))^2) ) + ( Q22 * 

sind(theta(x))^4 ); 

Qt(1, 2, (x)) = ( (Q11 + Q22 - (4 * Q66) ) * 

(sind(theta(x))^2) * ( cosd(theta(x))^2 ) ) + ( Q12 * 

( ( sind(theta(x))^4 ) + ( cosd(theta(x))^4 ) ) ); 

Qt(2, 2, (x)) = ( Q11 * sind(theta(x))^4 ) + ( 2 * ( Q12 + 

(2 * Q66) ) * ( sind(theta(x))^2 ) * ( cosd(theta(x))^2 ) ) + ( Q22 

* 

cosd(theta(x))^4); 

Qt(6, 6, (x)) = ( (Q11 + Q22 - (2 * Q12) - (2*Q66) ) 

* (sind(theta(x))^2) * (cosd(theta(x))^2) ) + ( Q66 * 

( (sind(theta(x))^4) + (cosd(theta(x))^4) ) ); 

end 

% Stiffness coefficients, N.mm 

for j=1:1:N 

D11 = D11 + sum( Qt(1,1,j) * ( ( tk* z(j)^2 ) + 

(tk^3/12) )); 

D12 = D12 + sum( Qt(1,2,j) * ( ( tk* z(j)^2 ) + 

(tk^3/12) )); 
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D22 = D22 + sum( Qt(2,2,j) * ( ( tk* z(j)^2 ) + 

(tk^3/12) )); 

D66 = D66 + sum( Qt(6,6,j) * ( ( tk* z(j)^2 ) + 

(tk^3/12) )); 

end 

% Critical Buckling Load, N/mm 

Ncr=(pi^2)*( ( D11 * ( (m/a)^2 ) ) + ( 2 * ( D12 + ( 2 * D66 ) )* 

((n/ 

b)^2) ) + ( D22 * ( (n/b)^4 ) * ( (a/m)^2 ) ) ); 
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