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PROPULSION AND LAUNCHING ANALYSIS OF 

VARIABLE-MASS ROCKETS 

 

 

SUMMARY 

 
This thesis indicates the analyzing the propulsion and launching of variable-mass 

rockets. To understand the rocket dynamics, rocket propulsion systems are briefly 

explained. The motion equation of single stage rocket with no boosters is derived from 

Newton’s Second Law. After the finalization of the rocket motion equation with every 

effect acting on a rocket body, differential transformation method (DTM) is applied to 

the final equation. The effect of of exhaust velocity (Ce), burning rate (BR) of fuel and 

diameter of cylindrical rocket (d) is investigated with an analytical code that is written 

via Mathematica software. A detailed study is performed to see the profiles of velocity 

and altitudes with different variables of the single stage rocket in air. Moreover, the 

level of impact of the of exhaust velocity, burning rate, diameter of the cylindrical 

rocket and drag coefficient to the velocity in a specified time interval (t=60s) of the 

sample rocket is compared to observe the sensitivity of these parameters. Real world 

applications of three different types of rocket (PSLV-G, Zenith-3F, Falcon 9) with 

different fuel types are examined. The velocity and altitude profiles of these rockets 

are plotted by considering the first stage properties. The final results prove that the 

drag coefficient and diameter of the cylindrical rocket has an effect that increasing 

these values decreases the rocket velocity and altitude. However, exhaust velocity and 

burning rate of the fuel has an effect that increasing the Ce and BR increases the 

velocity and altitude. When the effects of these 4 factors on the rocket movement are 

compared, it can be said that the change in the radius of the rocket has the least effect 

on the speed of the rocket. Among these 4 factors, the biggest factor affecting the 

rocket movement is the exhaust velocity of the rocket, and it can be seen through the 

graphs drawn as a result of calculations. Several programs has been used for analyzing 

the rocket motion such as Microsoft Excel for basic calculations and table making, 

Python for helping the analytical coding, and Mathematica for rocket dynamics 

analysis and results. Finally, all the analyzes are reviewed and the results are 

mentioned. The thesis is finalized by making comments about possible developments. 
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DEĞİŞKEN KÜTLELİ ROKETLERİN FIRLATMA  

VE İTKİ ANALİZİ 

 

ÖZET 

 

 

Bu tezde değişken kütleli roketlerin fırlatma ve itki analizi araştırılmıştır. İlk olarak, 

roket dinamikleri hakkında daha kapsamlı bir bilgi edinebilmek amacıyla roket tahrik 

sistemleri kısaca açıklanmaktadır. Tarihte ve günümüzde yaygın şekilde kulllanılan 4 

farklı itki sistemi olan katı yakıtlı roket motorları, sıvı yakıtlı roket motorları, soğuk 

gazla çalışan itki sistemleri ve elektrikli itki sistemlerinin çalışma prensipleri hakkında 

genel bir bilgilendirme yapılmıştır. Roket üzerine etki eden 4 farklı kuvvet (kaldırma, 

sürükleme, ağırlık ve itki) incelenmiş ve hesaplamaların roketin dik hareketi 

düşünülerek yapılmasından dolayı kaldırma kuvveti denklem dışında bırakılarak 

geriye kalan 3 kuvvetle birlikte tek aşamalı ve destek itki sistemleri olmayan roketin 

hareket denklemi Newton'un İkinci Hareket Yasası'ndan türetilmiştir. Denklemde yer 

alan sürükleme, itki, ve ağrılık kuvvetlerinin eşitlikleri gerekli düzenlemelerle 

denklem son haline gelmiştir. Bu denkleme Taylor Serisi temelli bir yöntem olan 

Diferansiyel Dönüşüm Yöntemi (DTM) uygulanmıştır. Daha sonra bu denklem 

Mathematica yazılımı üzerinden bir kod haline dönüştürülüp yakıt çıkış hızının (Ce), 

yakıtın yanma hızının (BR) ve silindirik roketin (d) çapının roket hareketi üzerindeki 

etkisi incelenmiştir. Bunlara ek olarak, yakıt çıkış hızı, yakıt yanma hızı, silindirik 

roket çapı ve sürükleme katsayısı, örnek roketin kalkış anından itibaren 60. saniye 

içerisindeki hıza olan etkileri değişken parametlere geniş aralıklı değerler vererek 

karşılaştırılmıştır. Oluşan grafikler üzerinden bu parametrelerin roketin hızına etki 

derecesi karşılaştırılmış ve incelenmiştir. Son olarak, yakın geçmişte ve günümüzde 

kullanılan ve farklı teknolojileriyle beraber farklı yakıt türleri kullanan üç farklı roket 

(PSLV-G, Zenith-3F, Falcon 9) incelenmiştir. Roketlerin toplam kütlesi, ilk aşama 

yakıt kütlesi, yakıt yanma süresi, özgül itki değerleri, roket çapları, motor tipleri ve bu 

motorların itki kuvvetleri hesaplamalara katılarak bu roketlerin ilk aşamalarının hız ve 

rakım profilleri çizilmiştir. Bu roketlerin hız ve yükseklik profilleri birbiriyle 

karşılaştırılıp performans değerlendirmesi yapılmıştır. Tüm bu sonuçların ışığında, 

silindirik roketin çapı ve sürükleme katsayısı değerlerinin, bu değerlerin arttırılmasıyla 

birlikte roket hızını ve dolayısıla ulaşabileceği yüksekliği azaltıcı bir etkiye sahip 

olduğu gözlemlenmiştir. Bununla birlikte, yakıtın çıkış hızı ve yanma hızının 

arttırılmasının roketin hızı ve yüksekliğini arttırdığı gözlemlenmiştir. Bu 4 faktörün 

roket hareketine etki dereceleri birbiriyle kıyaslandığında ise roketin yarıçapındaki 

değişimin roketin hızına etkisinin en az olduğu söylenebilir. Bu 4 faktör arasında roket 

hareketine etki eden en büyük faktörün ise yakıt çıkış hızı olduğu hesaplamalar 

sonucunda çizdirilen grafiklerler aracılığıyla görülebilmektedir. Bu tezde farklı kodlar 

aracılığıyla oluşturulan grafikler bu çalışmanın temel kaynaklarından biri olan 

makaledeki grafiklerle kıyaslanıp tez içeriğinde beraber yer almışlardır. Temel 

hesaplamalar ve tablo yapımı için Microsoft Excel, analitik kodlamaya yardımcı 

olarak Python ve roket dinamiği analizi ve sonuçları için Wolfram Mathematica 

yazılımları kullanılmıştır. Son olarak bu çalışmadaki bütün analizler tekrar gözden 

geçirilip sonuçlardan bahsedildikten sonra gelecekteki muhtemel gelişmeler hakkında 

yorumlar yapılarak tez sonlandırılmış olur.  
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1.  INTRODUCTION 

Human growth always brings new approaches to the transportation. Aircraft 

technology was developed rapidly in the twentieth century both in civil and military 

services. The rocket technology race starts at the mid twentieth century, and peaks at 

the beginning of the 20th - first century with different approaches of the goverments 

and commercial space establishments. Rocket propulsion is the most important system 

for the rocket transportation technology to improve the exploration. From the rapid 

growth during the Cold War to the present day, rocket propulsion has been the 

indispensable technology of the current century. Therefore, studies that concentrate on 

any sort of topic can be useful for deeper understanding about the rocket technology 

[1]. Rocket propulsion, as stated earlier, is the critical transport technology for the 

rapid growth of human communication and exploration. Learning about the 

mathematics and physics of motion is important to understand the essence of rocket 

motion through the air. In this study, the mathematical modeling of the rocket motion 

inside the air is investigated and presented. Thrust, lift , weigt and drag forces have a 

direct effect on rocket body. The equation of rocket motion (without boosters, single-

stage) can be derived with the help of Newton’s second law. A Rocket produces its 

thrust force by expanding energy to the opposite direction of motion path, this 

condition is explained by the Newton’s Third Law of Motion (exchange of momentum 

with reaction mass). Besides, rockets carry the propulsion mass with themselves and 

have a difference among other forms of propulsion as they are independent of their 

surrounding environment. Many types of propulsion systems rely on their environment 

to deliver the mass of the reaction. For instance, cars use the ground, airplanes use the 

air, boats use the water and sailboats use the wind. Chemical rockets are the most used 

rockets and uses the fuel and oxidizer propulsion mass. In addition, these propellants 

are energy sources for the rockets [2]. 

1.1. Purpose of Thesis 

In this study, rocket propulsion systems are briefly explained and then analytical 

methods applications of propulsion and launching analysis of variable-mass rockets 

are investigated. Differential transformation method (DTM) is applied to the single 

stage rocket motion equation and an analytical code is created. A parametric study is 

performed with the analytical code to observe the velocity and altitude profiles on the 

motion of a sample rocket which includes the effect of exhaust velocity (Ce), burning 
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rate (BR) of fuel and diameter of cylindrical rocket (d). Also, the effect of exhaust 

velocity, burning rate, diameter of the cylindrical rocket and drag coefficient to the 

velocity of the rocket are compared to observe the sensitivity of these parameters. 

Finally, to see the real world applications, three different types of rocket with different 

fuels are investigated and the velocity and altitude profiles of these rockets are 

compared. The final results prove that the drag coefficient and diameter of the 

cylindrical rocket has an effect that increasing these values decreases the rocket 

velocity and altitude. However, exhaust velocity and burning rate of the fuel has an 

effect that increasing the Ce and BR increases the velocity and altitude. Several 

programs has been used for analyzing the rocket motion such as Microsoft Excel for 

basic calculations and table making, Python for helping the analytical coding, and 

Mathematica for rocket dynamics analysis and results. 

1.2. Literature Review 

To create a solid basis for this study, lots of resources were investigated in order to 

find the correct approach and solution for the problem. After a filteration of resources, 

three important book and one article had become prominent for the systematic progress 

of the study. The contents, names, and authors of the topics are identified in the 

following sections. Also, it is indicated that which topic leads which parts of the study. 

First of all, since the main objective of this study is to analyze to rocket motion with 

variable mass, the books which intends to describe the Newton’s laws, motion 

equations, flight dynamics and aerodynamics are studied. The book which is named 

Atmospheric and Space Flight Dynamics, Ashish Tewari, 2004 is examined and 

decided as one of the best resource among the flight dynamics resources. The book 

helped to understand Newton’s laws of motion, fligt dynamics, aerodynamic design.  

In addition, the books Rocket and Spacecraft Propulsion (2nd Edition), Martin J. L. 

Turner, 2005 and Rocket Propulsion Elements (8th Edition), George P. Sutton and 

Oscar Biblarz, 2010, are studied to understand the launch vehicle dynamics, rocket 

propulsion principles and different propulsion systems with the past and current 

applications for the space missions. Finally the article which is named Propulsion and 

launching analysis of variable-mass rockets by analytical methods, D.D. Ganji, M. 

Gorji, M. Hatami, A. Hasanpour, and N. Khademzadeh, 2013 is studied and this article 

created a basis for this thesis and analyzes are implemented with the light of this article. 
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2. ROCKET PROPULSION SYSTEMS 

This section specifies the basic working principles of different rocket propulsion 

systems. Before indicating the rocket equation and analytical methods, fundamentals 

of the main propulsion systems has been investigated to have an opinion about their 

differences and usage areas. For this study, analytical approach is mainly applied by 

considering the liquid propellant rocket systems.  

 

2.1. Solid Propellant Rocket Motors 

The design and development processes of the solid propellant motor is much simpler 

than the other propulsion systems. The solid rocket motors can be used as a main 

propulsion system for small and medium rockets, a reliable and effective third stage 

for injection into orbit, and mostly strap-on booster to support the launching phase of 

different modern heavy rockets. Also, solid motors used in the missiles for the military 

applications [3]. The solid propellant can be stored, and handled relatively safely since 

there is not any propellant delivery system is needed. Solid propellant system is cost 

effective, also storing and safe handling produce in a big enhancement in reliability 

[4]. However, the motor cannot be controlled after the ignition (the thrust profile can 

be adjusted before the ignition) and since the solid propellant has low chemical energy, 

specific impulse is relatively low. It is obvious that these issues are the system’s 

biggest disadvantages [1].  

Figure 2.1. indicates a typical solid motor profile. A solid rocket motor contains an 

igniter inside the outer casing to ignite the propellant grain, combustion chamber is 

also surrounded by an outer casing, and there is a propellant grain inside the 

combustion chamber. The combustion chamber is equipped with as nozzle to release 

hot gasses that have formed from burning the propellant grain, thus thrust is provided 

for the solid rocket motor [5].  
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Figure 2. 1. Schematic of a rocket motor with solid propellant [1] 

 

2.2. Liquid Propellant Rocket Engines 

Liquid rocket engines utilizes liquid propellants to produce thrust for the rocket. Liquid 

propellant systems are commonly used in today’s rockets as these propellants have 

high specific impulse. Also, these liquids are chosen to reduce the tank volume with 

their high density. A rocket engine may use single (monopropellant rockets), two 

(bipropellant rockets) and rarely more than two types of propellants. Liquid hydrogen 

as fuel and oxygen as oxidizer are widely used in bipropellant liquid rockets, and       

RP-1 is also used as hydrocarbon fuel. Liquid-propellant rockets can have different 

mixture ratios of oxidizer and fuel and the thrust can be changed during the flight. In 

addition, the engine could be restarted with proper ignition system after the shutdown. 

The liquid propellant is stored in tankages and transferred with pipes in all liquid rocket 

systems, also this engine has an injector system, a combustion chamber which is in 

cylindrical shape, and nozzle. The higher pressure at the injector enables injection into 

the combustion chamber with a pump. To get maximum efficiency and performance 

turbo-pumps are used as they have high power and light weight. Also, high pressure 

inert gasses can be used instead of pumps, however these gasses increase the total mass 

of the rocket and reduces the velocity values and performance of the rocket [6]. 

https://en.wikipedia.org/wiki/Liquid_hydrogen
https://en.wikipedia.org/wiki/RP-1
https://en.wikipedia.org/wiki/Turbopumps


5 

 

As it is seen in the Figure. 2.2, the major components of a rocket engine are the fuel 

tank, the oxidizer tank, the combustion chamber, igniter,  gas generators, pumps, and 

the rocket engine nozzle. Pump fed engines may work in different cycles, and these 

cycles are gas-generator cycle, staged-combustion cycle and expander cycle [7]. 

 

Figure 2. 2. Schematic of the liquid propellant engine with pump fed [8] 

 

2.3. Cold Gas Propulsion System 

The thrust is generated by the pressurized gas with the expansion of it in the cold gas 

rocket engine (or a cold gas thruster). There is not any combustion chamber in the cold 

gas rocket, so this propulsion system has relatively low efficiency and thrust when it 

is compared with the conventional monopropellant and bipropellant rocket engines. 

As it is seen in the Figure 2.3, gold gas thruster contains propellant tank, latch valve, 

regulator, selenoid valve and nozzle. As the design is completed only with these 

https://en.wikipedia.org/wiki/Combustion_chamber
https://en.wikipedia.org/wiki/Rocket_engine_nozzle
https://en.wikipedia.org/wiki/Gas-generator_cycle_(rocket)
https://en.wikipedia.org/wiki/Staged_combustion_cycle_(rocket)
https://en.wikipedia.org/wiki/Expander_cycle
https://en.wikipedia.org/wiki/Monopropellant
https://en.wikipedia.org/wiki/Liquid-propellant_rocket
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elements, the cold gas thrusters have known as the "simplest manifestation of a rocket 

engine". Cold gas thrusters are used primarily to stabilize the spacecraft with a 

contaminant free operation in a small space missions [9]. For instance, propulsion 

system of CubeSat has developed with cold gas systems, as the CubeSats have 

inclusive legislations against pyrotechnics and hazardous materials [10]. 

 
Figure 2. 3. Schematic of a cold gas propulsion system [11] 

 

2.4. Electric Propulsion System 

Electric Propulsion (EP) is a form of space propulsion which uses electrical power to 

accelerate a propellant by various possible electrical and/or magnetic means. The use 

of electrical power increases the EP thrusters’ propulsive efficiency relative to 

traditional chemical thrusters. Electric propulsion needs less mass than the chemical 

systems to produce thrust for a spacecraft. EP system ejects the propellant twenty times 

faster than the traditional chemical thruster thus the system is mass efficient. Different 

EP systems use different types of propellants, and these propellants can be a rare gas 

(i.e. xenon or argon), a liquid metal or, a conventional propellant. These different EPS 

https://en.wikipedia.org/wiki/Pyrotechnic_valves
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can be listed as: Gridded Ion Engine (GIE), Hall Effect Thruster (HET), High 

Efficiency Multistage Plasma Thruster (HEMPT), Pulsed Plasma Thruster (PPT), 

Magneto Plasma Dynamic (MPD) thruster, Quad Confinement Thruster (QCT), 

Resistojet, Arcjet, and Field Emission Electric Propulsion (FEEP) thruster [12]. Figure 

2.4 indicates the operation principle of the thermal arcjet thruster. The thrust is 

generated in the arcjet by expanding the propellant in the nozzle by converting the 

thermal energy supplied to the propellant into the kinetic energy in a flow direction 

[13].  

 
Figure 2. 4. Operation principle of the thermal arcjet thruster [13] 
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3. ROCKET MOTION PRINCIPLES 

3.1. Rocket Motion Equation 

This section mentions the three natural forces on a vertical rocket and explains the 

mathematical formulation of rocket motion, also indicates the method called DTM. 

Using this method enables to calculate the velocity and position of rocket as a useful 

analytical technique.  

Rockets bring their fuel and oxygen supply with them in the space missions. The 

burning fuel is thrown from the engine of the rocket and gases were expand to the out. 

The rocket body generates a force which pushes itself through to opposite way of the 

fuel direction. There is a reaction for each action which is in the opposite direction 

with the same magnitude. Thus, rocket thrust works with this principle [14]. The thrust, 

drag and gravity field vectors in vertical motion are shown in Figure 3.1, and the 

motion is purely one-dimensional. The drag occurs by the amount of impacts, which 

works in the opposite direction to the velocity vector parallel to the flight line. The lift 

is the aerodynamic force acting in a direction perpendicular to the flight path [15]. As 

the lift force exists the angles other than zero, in the vertical position of rocket, the lift 

force can be ignored. In addition, the weight of the rocket and the thrust produced by 

the rocket have a significant effect on the rocket motion.  

 

 
Figure 3. 1. Schematic of a rocket and applied forces. 

 

The rocket engine accelerates a mass of gas, thus as a reaction force the thrust is 

generated as mechanical force, as explained by Newton's Third Law of Motion. As 

explained in the Section 2, there are different types of propulsion systems to accelerate 

the gas or different propulsion product.  

https://www.grc.nasa.gov/WWW/K-12/rocket/newton3r.html
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As indicated in the Figure 3.2, mass flow rate (ṁ), exhaust velocity (𝐶𝑒 𝑜𝑟 𝑉𝑒), the exit 

pressure on the nozzle (𝑃𝑒), and exit area (𝐴𝑒) of the nozzle determines the amount of 

thrust produced by the rocket. The design of the nozzle decides all these values. 

The throat of the nozzle is determined by the smallest cross-sectional area of the 

nozzle. At the throat, the hot exhaust flow is choked , this means that the Mach number 

in the throat is 1.0 and the throat area determines the mass flow rate ṁ. The ratio of 

the throat 𝐴𝑡 and the exit 𝐴𝑒 adjusts the exit velocity 𝑉𝑒 and the exit pressure 𝑃𝑒 [ 16].  

 

 
Figure 3. 2. Schematic of a rocket engine [16] 

 

 

The thrust force can be written as [16], 

 

                                              𝑇 = ṁ𝐶𝑒 + (𝑃𝑒 − 𝑃𝑎)𝐴𝑒                                                        (3.1) 

Considering equal pressure (𝑃𝑒 = 𝑃𝑎), by simplification, 

                                                        𝑇 = ṁ𝐶𝑒                                                              (3.2) 

The drag force is expressed as functions of the velocity (V), the mass density (𝜌) of 

the fluid (air) in the vehicle path, a typical surface area (A), and drag coefficient (𝐶𝐷) 

[17]. For a cylindrical rocket, as a certain body shape, Reynolds number, Mach 

number  and the direction of the flow determines the drag coefficient. The change in 

the Reynolds number in a practical range of cruise speed is usually small and can be 

neglected. Thus, the drag coefficient  can be written as a constant value [18].  

                                                     𝐹𝐷 =
1

2
𝐶𝐷𝜌𝐴𝑉2                                                        (3.3) 

where,  

                                                   𝐶𝐷 = 𝑎 + 𝑏𝑀𝑎6          for Ma<1                                              

                                                    𝐶𝐷 = 𝑎 +  
𝑏

𝑀𝑎2            for Ma>1                           (3.4)                                            

https://www.grc.nasa.gov/WWW/K-12/rocket/mach.html
https://www.grc.nasa.gov/WWW/K-12/rocket/mflchk.html
https://www.grc.nasa.gov/WWW/K-12/rocket/rktthsum.html
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In this formula, a and b are determined by the angle of attack and Ma represents the 

Mach number. At the velocity of sound this coefficient reaches the highest value, and 

generally takes a value around 0.2 [19]. 

Newton's Second Law can be written after clarifying the all effecting forces on rocket 

motion [14].  

                                                    
𝑑

𝑑𝑡
(𝑀𝑉) = ∑𝐹𝑦                                                          (3.5) 

                                               
𝑑

𝑑𝑡
(𝑀𝑉) = T − 𝐹𝐷 − W                                                         (3.6) 

                                     
𝑑

𝑑𝑡
(𝑀𝑉) = ṁ𝐶𝑒 −

1

2
𝐶𝐷𝜌𝐴𝑉2 − 𝑀𝑔                                             (3.7) 

M is the total mass that changes with time as, 

                                                    𝑀 = 𝑚0 − ṁ𝑡                                                          (3.8) 

𝑚0 is the initial mass (total mass of the rocket body and fuel mass) and ṁ is the burning 

rate of fuel. 

                        
𝑑

𝑑𝑡
((𝑚0 − ṁ𝑡)𝑉) = ṁ𝐶𝑒 −

1

2
𝐶𝐷𝜌𝐴𝑉2 − (𝑚0 − ṁ𝑡)𝑔                  (3.9) 

Then this equation can be rearranged as, 

                     (𝑚0 − ṁ𝑡)
𝑑𝑉

𝑑𝑡
− ṁ𝑉 = ṁ𝐶𝑒 −

1

2
𝐶𝐷𝜌𝐴𝑉2 − (𝑚0 − ṁ𝑡)𝑔              (3.10) 

The final equation of rocket motion with variable mass and thrust can be written as, 

                  (𝑚0 − ṁ𝑡)
𝑑𝑉

𝑑𝑡
+

1

2
𝐶𝐷𝜌𝐴𝑉2 − ṁ𝑉 − ṁ𝐶𝑒 + (𝑚0 − ṁ𝑡)𝑔 = 0          (3.11) 

3.2. Analytical Method and Applications 

Analytical approaches have recently been commonly used for solving nonlinear 

equations. Taylor expansion creates a basis for a useful analytical approach called 

Differential Transform Method (DTM). The method has a difference from the classic 

high order Taylor series method which is requiring symbolic calculation of the 

essential derivatives of the data functions. It was first used in the engineering domain 

by Zhou and its ability to use this approach to solve nonlinear equations has attracted 

many authors [20]. Ghafoori revealed as a significant result that the DTM results are 

more accurate when it compared with the results obtained from HPM and VIM, by 

determining a nonlinear oscillation equation using DTM [21]. Linear and nonlinear 

Klein–Gordon equation by DTM has been determined by Kanth and Aruna [22]. 

Biazar and Eslami has used DTM to calculate and solve the quadratic Riccati 

differential equation [23]. Gokdogan used the modified differential transform method, 

and accomplished an approximate analytical solution of complicated Genesio system 
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[24]. Two-dimensional differential transformation method of the initial value problem 

for partial differential equations (PDEs) is investigated by Ayaz [25]. Ni used DTM 

and obtained the critical flow velocities and the natural frequencies of fluid carrying 

pipes with various boundary conditions [26]. 

 

3.3. Differential Transformation Method (DTM) 

To clarify the method of concept, consider x(t) as an analytic function of domain D, 

and t=𝑡𝑖 shows any point in this domain. Then, the function x(t) is represented by one 

power series that is located at 𝑡𝑖. The Taylor series expansion function of x(t) can be 

written as,  

                         𝑥(𝑡) = ∑
(t−𝑡𝑖)k

k!
[

dkx(t)

dtk ]
t=𝑡𝑖

    ∀t ∈ D

∞

k=0

                    (3.12) 

The Maclaurin series of x(t) can be obtained written below by giving 𝑡𝑖=0 to Eq. 3.12 

and given as, 

                                (𝑡) = ∑
(t)k

k!
[

dkx(t)

dtk ]
t=0

    ∀t ∈ D
∞

k=0
                                    (3.13) 

The differential transformation of the function x(t) is written as follows as explained 

in [20], 

                                          𝑋(𝑘) = ∑
𝐻𝑘

𝑘!
[

𝑑𝑘𝑥(𝑡)

𝑑𝑡𝑘 ]
𝑡=0

 
∞

𝑘=0
                                      (3.14) 

 

where x(t) is the original function and X(k) defines the transformed function. The 

interval t ∈ [0, H] defines the differential spectrum of X(k), and H is a constant value 

in this interval. The differential inverse transform of X(k) is written as, 

                                          𝑥(𝑡) = ∑ (
𝑡

𝐻
)

𝑘

𝑋(𝑘)

∞

𝑘=0

                                         (3.15) 

It is obvious that the Taylor series expansion creates a basis for the concept of 

differential transformation. The values of X(k) function at values of factor k are 

referred to as discrete, i.e. zero discrete can be determined as X(0), X(1) as the first 

discrete, and X(2) as the second and etc. When there is more available discrete, the 

unknown function is restored more precisely as it is possible. The function x(t) 

includes the transformed function X(k), and its value is written as the sum of the 

transformed function with the (t/H)𝑘 as its coefficient. For the real practices, with the 
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correct choice of constant H, the greater values of argument k results in the discrete of 

spectrum decrease rapidly. The function x(t) is defined as a finite series and Eq. 3.16 

can be determined as, 

                                          𝑥(𝑡) = ∑ (
𝑡

𝐻
)

𝑘

𝑋(𝑘)

𝑛

𝑘=0

                                         (3.16) 

Table 3.1 indicates a part of significant mathematical operations with their original 

and transformed functions. Also, Equation 3.17 shows the initial condition of 

velocity when the equation of motion is obtained with balance of forces. 

                                                       𝑉(0) = 0                                                        (3.17) 

 

Table 3. 1 A part of fundamental operations of differential transformation method 

 

 

 

Considering the Table 3.1, the rocket motion equation (Eq. 3.11) can be transformed 

by applying DTM, and the final equation can be written as, 

 

𝑚0(𝑘 + 1)Ṽ(𝑘 + 1) − ṁ ∑ 𝛿(𝑙 − 1)(𝑘 + 1 − 𝑙)Ṽ(𝑘 + 1 − 𝑙)
𝑘

𝑙=0
+

1

2
𝐶𝐷𝜌𝐴 ∑ Ṽ(𝑙)Ṽ(𝑘 − 𝑙)

𝑘

𝑙=0
−

                                              ṁṼ(𝑘) + (𝑚0𝑔 − ṁ𝐶𝑒)𝛿(𝑘) − ṁ𝑔𝛿(𝑘 − 1) = 0                                (3.18)                                                               

  

transformed form of V is represented as Ṽ and the conditons of delta function can be 

determined as, 

                                                 𝛿(𝑘) = { 
1, 𝑘 =  0
0, 𝑘 ≠ 0

                                               (3.19) 

The initial condition of the transformed of V (Ṽ) Eq. 3.20 can be written as, 

                                                         Ṽ(0) = 0                                                      (3.20) 
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The steps of Ṽ can be determined by solving Eq. 3.18, the first three DTM 

transformed terms of Ṽ would be as, 

Ṽ(1) =
ṁ𝐶𝑒 − 𝑔𝑚0

𝑚0
 

Ṽ(2) =
0.5ṁ(ṁ𝐶𝑒 − 𝑔𝑚0)

𝑚0
2

 

Ṽ(3) =
0.1309𝐶𝐷𝜌d2ṁ2𝐶𝑒

2 − 2.568𝐶𝐷𝜌d2ṁ𝐶𝑒𝑚0 + 12.597𝐶𝐷𝜌d2𝑚0
2 + 4.905ṁ2𝑚0 − ṁ3𝐶𝑒

𝑚0
3

 

   and etc.                                                                                                                (3.21) 

 

DTM transformed terms of V are substituted (Eq. 3.21 into Eq. 3.16) and then V(t) is 

determined. The result is in the case when 𝐶𝑒 = 2000 m/s, ṁ = 1.6  x 104 kg/s, 𝑚0 = 

2.5 x 106 kg, d = 5.4 m, g = 9.80665 m/s2 and 𝜌 = 1.225 kg/m3 and 𝐶𝐷 = 0.2, 

 

To calculate the V(t), Mathematica software is used and it can be seen in Figure 3.3, 

thus V(t) is equal to, 

 

V(t) =  2.99335t +  0.0505387t2 + 0.000320096t3 + 1.96373 x 10−6 t4 +

                                       1.15645 x 10−8 t5 +  6.57627 x 10−11 t6                       (3.22) 

 

 
Figure 3. 3. Calculation code of velocity on Mathematica 
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4. RESULTS AND DISCUSSION 

In this study, launching and propulsion analysis of variable-mass rocket is calculated 

using analytical methods. Differential Transformation Method is applied to Eq. 3.11, 

thus graphs are obtained with the variables of the rocket motion. The velocity profile 

of the variable-mass rockets is shown in Figure 4.1, and the result is obtained by the 

Wolfram Mathematica code shown in Figure 3.3. The profile is drawn in the case when            

𝐶𝑒 = 2000 m/s, ṁ = 1.6 x 104 kg/s, 𝑚0 = 2.5 x 106 kg, d = 5.4 m, 𝜌 = 1.225 kg/m3, 

𝐶𝐷 = 0.2 and g = 9.80665 m/s2. 

 

 
Figure 4. 1. Velocity profile of the variable-mass rocket for the selected conditions 

 

 

4.1. Analytical Approach 

For the velocity and altitude profiles of variable-mass rockets, the mass flow rate, or 

burning rate (BR), exhaust velocity (𝐶𝑒 ) and the diameter of rocket (d) are used. These 

values are changed in the calculations to clarify the effect of one parameter on the 

sample rocket by keeping other parameters same. The following figures in the subject 

4.1.1 and 4.1.2 has modeled using the parameters in a range of 𝐶𝑒 = 2000 to 4000 m/s, 

BR = 15000 to 18000 kg/s and d = 3 to 7 m. In these subjects the profiles on the left 

are the calculations with the software Wolfram Mathematica, and the profiles on the 

right are the figures which are taken from the reference [19] with the same values.  
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4.1.1. Velocity change in different parameters 

Figure 4.2 indicates the effect of exhaust velocity to velocity of the sample rocket in a 

time interval. Exhaust velocity affects the thrust force directly, thus it is clearly seen 

that the rocket motion in a certain path can be reached to higher speeds by using higher 

exhaust velocity.  

 

 
Figure 4. 2. 𝐶𝑒 variation comparison on velocity, calculation (left) and source (right) 

 

 

The impact of mass flow rate or burning rate (BR) to the sample rocket is shown in the 

Figure 4.3. With the higher values of burning rate, the velocity and thrust force of the 

rocket increase as it can be seen from the figure.  

 

 

 
Figure 4. 3. 𝐵𝑅 variation comparison on velocity, calculation (left) and source 

(right) 

 

 

The diameter effect on the velocity of a cylindrical rocket is shown in Figure 4.4. The 

drag force affects more in the opposite way of the rocket motion when the diameter 

increases, since the area of the of the rocket is increased. 
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Figure 4. 4. Diameter variation comparison on velocity, calculation (left) and source 

(right) 

 

 

4.1.2. Altitude change in different parameters 

In the Figure 4.5, different exhaust velocity values are applied to the calculations to 

see the different altitude profiles. When the exhaust velocity increases, the rocket can 

be able to reach to higher altitude levels. 

 

 
Figure 4. 5. 𝐶𝑒 variation comparison on altitude, calculation (left) and source (right) 

 

In the Figure 4.6, the burning rate effect to the sample rocket is indicated.It is clearly 

seen that increasing the burning rate has an impact to the altitude as similar with the 

velocity profile. 

 

 
Figure 4. 6. 𝐵𝑅 variation comparison on altitude, calculation (left) and source (right) 
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Figure 4.7 shows the diameter effect to the altitude levels on cylindrical rocket. By 

increasing the diameter, the area of the rocket is increased. Bigger areas create more 

drag force, and increased drag force decreases the altitude values of the rocket. The 

diameter effect is relatively low on the rocket velocity and altitude as it is seen from 

the close curves. 

 

 
Figure 4. 7. Diameter variation comparison on altitude, calculation (left) and source 

(right) 

 

4.2. Comparison Of The Parameters At Constant Time 

In this section the profiles show the contours of sensitivity for these parameters 

(exhaust velocity (𝐶𝑒 ), burn rate (BR), rocket diameter (d) and drag coefficient (𝐶𝐷)) 

on rocket velocity in wide range of described parameters at a constant time (t=60 s). 

In all these figures, for the figures on the left (calculations), lighter colors imply to 

higher velocities and darker regions imply to lower velocity values. For the figures on 

the right (source) the velocity is increasing through white to red. 

Figure 4.8 shows clearly that the effect of burning rate is greater than the effect of 

diameter of the rocket to increase the rocket velocity.  

 
Figure 4. 8. Effect of diameter (d) and burning rate (BR) on velocity with                                  

𝐶𝑒 = 4000
𝑚

𝑠
, 𝑚0 = 2.5 x 106 kg, 𝐶𝐷 = 0.2, t=60 s. 
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Increasing the burning rate has greater effect on velocity when it is compared with 

drag coefficient as it is seen clearly in Figure 4.9. 

 

 
Figure 4. 9. Effect of drag coefficient (𝐶𝐷 ) and burning rate (BR) on velocity with                                  

𝐶𝑒 = 4000
𝑚

𝑠
, 𝑚0 = 2.5 x 106 kg, 𝑑 = 5.4, t=60 s. 

Figure 4.10 compares the effect of the diameter and exhaust velocity. It is obvious that 

increasing the exhaust velocity is more effective than decreasing the diameter for 

velocity increasing. It can be also said that for the highest values of exhaust velocity, 

the diameter effect is more on the rocket velocity when the straight and curve lines are 

observed in detail.  

 
Figure 4. 10. Effect of diameter (𝑑) and exhaust velocity (𝐶𝑒 ) on velocity with                                  

ṁ =  1.6 𝑥 104 𝑘𝑔/𝑠, 𝑚0 = 2.5 x 106 kg, 𝐶𝐷 = 0.2, t=60 s. 

 

Figure 4.11 shows that to reach higher velocities the burning rate and exhaust velocity 

of the rocket should be increased. Also, the effect exhaust velocity is more important 

as it is seen in the comparison. 
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Figure 4. 11. Effect of burning rate (𝐵𝑅) and exhaust velocity (𝐶𝑒 ) on velocity with                                  

𝑑 =  5.4 𝑚, 𝑚0 = 2.5 x 106 kg, 𝐶𝐷 = 0.2, t=60 s. 

The effect of rocket diameter and drag coefficient on rocket velocity is compared in 

Figure 4.12. It can be said that for smaller diameters and smaller drag coefficients the 

velocity reaches the highest values, also it is clearly seen that drag coefficient has no 

significant effect on rocket velocity. 

 

Figure 4. 12. Effect of diameter (𝑑) and drag coefficient (𝐶𝐷 ) on velocity with                                  

ṁ =  1.6 𝑥 104 𝑘𝑔/𝑠, 𝑚0 = 2.5 x 106 kg, 𝐶𝑒 = 4000 m/s, t=60 s. 

Figures 4.13 and 4.14 schematically show the effect of rocket diameter and exhaust 

velocity respectively on rocket position in a specified time steps. 

 
Figure 4. 13. Effect of exhaust velocity (𝐶𝑒 ) on the altitude position with                                  

ṁ =  1.6 𝑥 104 𝑘𝑔/𝑠, 𝑚0 = 2.5 x 106 kg, 𝐶𝐷 = 0.2, d = 5.4 m, time step = 20 s. 
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Figure 4. 14. Effect of diameter (d) on the altitude position with                                  

ṁ =  1.6 𝑥 104 𝑘𝑔/𝑠, 𝑚0 = 2.5 x 106 kg, 𝐶𝐷 = 0.2, 𝐶𝑒 = 4000 m/s, time step = 20 s. 

 

 

4.3. Comparison Of Active Rockets 

Three different types of active rockets which are PSLV-G (Polar Satellite Launch 

Vehicle), Falcon 9, and Zenith-3F are indicated in the Table 4.1 to see the properties 

and motion characteristics of these rockets.  

PSLV-G type rocket is an expendable medium-lift launch vehicle, and the Indian 

Space Research Organization (ISRO) is the designer and operator for this rocket. It is 

designed to launch the Indian Remote Sensing (IRS) satellites to sun-synchronous 

orbits, also the PSLV-G can launch small size satellites into Geostationary Transfer 

Orbit (GTO) [27]. 

Falcon 9 is designed and manufactured by SpaceX. Also the company has designed 

this rocket to be used for commercial space flights. The first stage of the rocket is 

reusable, and the rocket is powered by Merlin Engine. As propellant, the engine uses 

liquid oxygen (LOX) and rocket grade kerosene (RP-1) [28]. 

Zenith-3F is a member of rocket family Zenith, and this family is designed by 

Yuzyhone Design Office in Ukraine. The expendable carrier rocket has launched 

weather and radio astronomy satellites in the past decade [29]. 

 

Table 4. 1. Properties of three active rockets 
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Figure 4.15 compares the velocity and altitude profiles with using the properties in 

Table 4.1. Since the velocity and altitude profiles of these three rockets have small 

differences, it can be said that the new generation launch vehicles have similar 

performances when the velocity and altitude values are considered. However, it is 

clearly seen that PSLV-G rocket reaches higher velocities due to the smallest initial 

mass and diameter among these three rockets. Due to the high velocity, PSLV-G rocket 

reaches higher altitude. Zenith-3F has more velocity than Falcon 9 and reaches more 

altitude in 100 seconds even though there is a small difference in the properties of 

these rockets. In addition, to clarify the total performance of these rocket the payload 

and economic performances should be considered.  

 

 
Figure 4. 15. Velocity (Left) and altitude (right) comparison among introduced 

rockets 
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5. CONCLUSION AND COMMENTS 

This chapter consist of the summary of the achievements and the guess about future 

projects and developments. 

In this project the propulsion and launching analysis of variable-mass rockets by DTM 

has been done and the calculation methods are described in detail. The rocket dynamics 

and rocket fuel types are investigated to understand the principles of rocket motion 

and spacecraft propulsion. For the calculations of rocket motion analysis, differential 

transformation method is applied to the equation derived from Newton’s Second Law. 

It is clear that the propulsion system design is one the most important issue since it 

determines the motion characteristic of the rocket. After the determination of the 

equation, a large parametric analysis which includes exhaust velocity, burn rate of fuel 

and diameter of cylindrical rocket are studied in the Wolfram Mathematica software. 

It is shown that increasing the exhaust velocity produces high rocket velocity and 

altitude. Using high BR brings the increased thrust force, and has the similar effect on 

the velocity and altitude distributions. Using larger rocket diameter in the production 

of cylindrical rocket leads to lower value of velocity and altitude, as the drag force 

increases with larger area. Also, three different types of rockets that are used in the 

previous missions are compared, and these rockets are presented and discussed to 

observe the real life utilization of the rockets. The velocity and altitude profiles of 

these rockets confirm the high accuracy with the analytical solution. As a guess for the 

future developments, the exhaust velocity and the burning rate of the rockets may be 

increased with less fuel mass and the new developing fuel technology. In the next years 

it is predicted that the payload mass of the space rockets will be higher in order to 

make more efficient trips to new routes of the space. With the beginning of the 

commercial era of the space, many different types of rockets can be seen in the air to 

explore the universe with their variety of missions. 
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